Abstract. Call a semistar operation ⊛ on the polynomial domain D[X] an extension (respectively, a strict extension) of a semistar operation ⋆ defined on an integral domain D, with quotient field
Results
Let D be an integral domain with quotient field K, let X be an indeterminate over K. We start with some basic facts. Note that some of the statements contained in the following result were also proved in [ (2) (E 
(4) The "finite type part" is a particular case of (3). The "stable part" is a straightforward consequence of the definitions.
(5) is straightforward. (5) and ( ⊛) 0 is a stable operation of finite type by statement (4). Let a ∈ E ⊛ 0 with E ∈ F (D). Then, there exists a nonzero finitely generated ideal J of D such that
The statement for the d-operations is trivial. For the w-, t-, and voperation, it is an easy consequence of the following equalities [22, Proposition 4.3] for all fractional ideals E ∈ F (D):
We want to prove next that
We use the fact that E bD = {(EI : [39, page 349] and [16, Section 19.3] 
Remark 6. Note that the equality ( (7) of Lemma 5, is equivalent to each of the following equalities: Note that, to a multiplicative subset S of D[X], we can associate the semistar operation [7, Proposition 2.10] . Therefore, by Lemma 5, we obtain immediately that the map E → ED[X] S ∩ K =: E S , defined for all E ∈ F (D), gives rise to a semistar operation S on D coinciding with (
) and Q ∩ S = ∅} is the saturation of the multiplicative set S, then ⊛ S = ⊛ S and so, in particular, S = S .
In order to deepen our knowledge of the semistar operation S , we need a definition of a stronger version of saturation. Set: 
In particular, S coincides with the spectral semistar operation associated to ∇(S), i.e., 
. The uniqueness follows from Remark 7(f).
. Another example (even in case of finite type stable semistar operations) is given next by using Corollary 8.
Example 9. Let P be a given nonzero prime ideal of an integral domain D. Let ∆ := {P } and set ⋆ := ⋆ ∆ , i.e., ⋆ is the finite type stable semistar operation defined by
In order to better investigate this situation, we introduce the following definitions. A semistar operation ⊛ on the polynomial domain D[X] is called an extension (respectively, a strict extension) of a semistar operation ⋆ defined on D if
Clearly, a strict extension is an extension. By Lemma 5, a semistar operation ⊛ on D[X] is an extension of ⋆ := ⊛ 0 .
Given two semistar operations ⊛ ′ and ⊛ ′′ on the polynomial domain D[X], we say that they are equivalent over D, for short
Clearly, two extensions (respectively, strict extensions) ⊛ ′ and ⊛ ′′ on D[X] of the same semistar operation defined on D are equivalent (respectively, strictly equivalent). In particular, we have:
We will see that the converse of the first implication above does not hold in general. In order to construct some counterexamples, we need a deeper study of the problem of "raising" semistar operations from D to D[X]; i.e., given a semistar operation ⋆ on D, finding all the semistar operations ⊛ on D[X] such that ⋆ = ⊛ 0 .
Recall that, given a family of semistar operations {⋆ λ | λ ∈ Λ} on an integral domain D, the semistar operation ∧⋆ λ on D is defined for all E ∈ F (D) by setting:
The following statement is a straightforward consequence of the definitions. 
From the previous proposition, we deduce that, if a semistar operation on D admits an extension (respectively, a strict extension) to D[X], then it admits a unique minimal extension (respectively, a unique minimal strict extension).
At this point, it is natural to ask the following questions: In the remaining part of this paper, we start the investigation of questions (Q1) and (Q2), by considering semistar operations on D defined by families of overrings. In this particular, but rather important setting, we will provide positive answers to both questions.
Let T := {T λ | λ ∈ Λ} be a nonempty set of overrings of D, and let E ∧T := λ ET λ for each E ∈ F (D). Then ∧ T is a semistar operation on D, and ∧ T is (semi)star if and only if D = λ T λ . It is easy to see that, for each E ∈ F (D) and for each λ ∈ Λ,
(see [1, Theorem 2] for further details in the star operation case). If T = {K} (respectively, {D}) then obviously ∧ {K} (respectively, ∧ {D} ) is the trivial semistar operation e D (= ⋆ {K} ) (respectively, the identity (semi)star operation d D (= ⋆ {D} )). In case T = ∅, we also set
If T is nonempty, replacing the family T = {T λ | λ ∈ Λ} with the family {(T λ ) M | λ ∈ Λ, M ∈ Max(D λ )}, without loss of generality, whenever convenient for the context, we can assume that each T λ in the family of overrings T is a quasi-local domain.
If T ′ and T ′′ are two families of overrings of D, then clearly:
Let T = {T λ | λ ∈ Λ} be a family of overrings of an integral domain D with quotient field K. Let X be an indeterminate over K and denote by T λ (X) the Nagata ring of T λ . For each A ∈ F (D[X]), we set: 
.
Moreover, if we consider the set U := {K[X]} consisting of the unique overring K[X] of D[X], then:
(2) The following are equivalent:
is a finite family of overrings of D, then ∧ T is a semistar operation of finite type on D. (7) If each overring T ∈ T is a flat overring of D, then ∧ T is a stable semistar operation on D.
Proof. (1) is obvious and (2) is straightforward, since it is easy to see that
Without loss of generality, we can assume that T λ is local with nonzero maximal ideal M λ and we can take the (maximal) ideal (
and, on the other hand, since M λ = (0) and 
In particular, by (b), Lemma 5(2) and [12, Proposition 9] (6) and (7))).
(2) As observed above, the trivial semistar operation e D on an integral domain D, with quotient field K, is defined by the family of a single overring 
Proof. (1) and (2) follow from Proposition 11( (1), (2) and (3)) and Corollary 12. 
, which is a contradiction since V [X] is not a Prüfer domain.
In the next result, we provide another application of Proposition 11. 
is an application of Proposition 11( (4) and (5) (a) Let F be a localizing system of ideals of D and set: The statement (c) is a straightforward consequence of (b), since 
Clearly, S , defined by setting
We have already observed in Remark 19(b) that [ ⋆] is the unique stable semistar operation on D 1 (= D[X]) determined by the localizing system of finite type
. Moreover, the map σ : . Moreover, we also have Na(
Let ∇ 1,⋆ be the set of the maximal elements of ∆ 1,⋆ .
It is easy to see that
For the sake of simplicity, set 
In particular, for all E ∈ F (D), We already observed that the construction described in Remark 20 (1) is a modification of a previous construction due to Chang 
